Motivated by the local formulae for asymptotic expansion of heat kernels in spectral geometry, we propose a definition of Ricci curvature in noncommutative settings. The Ricci operator of an oriented closed Riemannian manifold can be realized as a spectral functional, namely the functional defined by the zeta function of the full Laplacian of the de Rham complex, localized by smooth endomorphisms of the cotangent bundle and their trace. We use this formulation to introduce the Ricci functional in a noncommutative setting and in particular for curved noncommutative tori. This Ricci functional uniquely determines a density element, called the Ricci density, which plays the role of the Ricci operator. The main result of this paper provides an explicit computation of the Ricci density when the conformally flat geometry of the noncommutative two torus is encoded by the modular de Rham spectral triple.
Introduction
In Connes' program of noncommutative geometry [4, 7] , the role of geometrical objects is played by spectral triples (A, H, D). Similar to the commutative case and the standard spectral triple (C ∞ (M ), L 2 (S), D), where (M, g, S) is a closed spin manifold and D is the Dirac operator acting on the spinor bundle S, the spectrum of the Dirac operator D of a spectral triple (A, H, D) encodes the geometrical information of the spectral triple. However, to gain access to this information, one should first find a spectral formulation of the specific geometric notion, and then extend it to the level of spectral triples. For instance, the dimension of the manifold is captured by the notion of p+ summability, and integration with respect to the Riemannian volume form is captured by the Dixmier trace [5] .
The notion of scalar curvature for spectral triples has also been formulated in this manner [7] as we recall now. Let (A, H, D) be a spectral triple of metric dimension m whose (localized) trace of heat kernel has an asymptotic expansion of the form
as t → 0 + . The scalar curvature is then represented by the scalar curvature functional on A, given by R(a) = a 2 (a, D 2 ).
This functional can be written in terms of the (localized) spectral zeta function of D 2 , ζ D 2 (a, z) = Tr aD −2z (I − Q) , for ℜz > m/2. Here Q denotes the orthogonal projection on the kernel of D 2 , and a ∈ A. Using the Mellin transform, we then have [7] : 
Here R is the the scalar curvature of the metric g and C m is a constant that depends only on the dimension m of the manifold. Note that in the commutative case, the functional R determines uniquely the scalar curvature R, as the density function of R. Although the scalar curvature functional was defined in [7] in the general case of a spectral triple satisfying (1) , an explicit computation of the scalar curvature R for the noncommutative torus A θ is a formidable task that required intriguing analytic ideas and computer assistance [9, 16] . The quest to prove the Gauss-Bonnet theorem for curved noncommutative tori in the pioneering work of Connes and Tretkoff [2, 10] played a fundamental role here. As a rule, in all calculations involving the noncommutative tori, Connes' pseudodifferential calculus [3] plays a fundamental role.
Unlike the scalar curvature, the Ricci curvature does not appear in the coefficients of the heat trace of the Dirac Laplacian, D 2 . Nevertheless, the Laplacian of the de Rham complex, more precisely the Laplacian on one forms, captures the Ricci operator in its second term. Exploiting this observation, we formulate the Ricci operator as a spectral functional on the algebra of sections of the endomorphism bundle of the cotangent bundle of M (Definition 2.1), and call it the Ricci functional:
Ric(F ) = a 2 (tr(F ), △ 0 ) − a 2 (F, △ 1 ), F ∈ C ∞ (End(T * M )).
An equivalent version of the Ricci functional in terms of the spectral zeta function is then given in §2.2: where Q j is the orthogonal projection on the kernel of △ j . In order to define the Ricci functional for the curved noncommutative two torus, we first construct the analogue of the de Rham complex for the noncommutative two torus. For this purpose, following [2, 10] , we conformally change the metric by using a noncommutative Weyl factor e −h with h = h * ∈ A ∞ θ . This procedure gives rise to the modular de Rham spectral triple with dilaton h (Definition 2.3), which is a modular spectral triple in the sense of [8] . We then define the Ricci functional for the modular de Rham spectral triple, and show that there exists an element Ric ∈ A ∞ θ ⊗ M 2 (C), called the Ricci density, such that (Lemma 3.2),
The main result of the paper, obtained in Theorem 3.1, provides a thorough description of the Ricci density:
The term R γ ∈ A ∞ θ turns out to be equal to the graded scalar curvature computed in [9, 16] , ∇(a) = −[h, a], and the function S is given by
which coincides with the function S found in [9, 16] for scalar curvature. The computations and the proof of the theorem are placed in the last section §4. It is an interesting feature of noncommutative geometry that, contrary to the commutative case, the Ricci curvature is not a multiple of the scalar curvature even in dimension two. This manifests itself in the existence of off diagonal terms in the Ricci operator Ric above.
It is clear that one can define in a similar fashion a Ricci curvature operator for higher dimensional noncommutative tori, as well as for noncommutative toric manifolds. Its computation in these cases poses an interesting problem. It would also be interesting to find the analogue of the Ricci flow based on our definition of Ricci curvature functional. It should be noted that for noncommutative two tori a definition of Ricci flow, without a notion of Ricci curvature, is proposed in [1] .
The spectral geometry of a curved noncommutative two torus has been the subject of intensive studies in recent years. Starting with the pioneering work [2] , a GaussBonnet theorem is proven in [10] and for general conformal structures in [15] , while the scalar curvature for conformally flat metrics is computed in [9, 16] . This scalar curvature and its relation to higher order terms in the heat kernel expanion is further studied in [6] . A version of the Riemann-Roch theorem is proven in [22] and in general in [23] . The key idea in all of these works is that the conformal change of metric, first introduced in [2, 10] , can be implemented in the noncommutative two torus by introducing a noncommutative Weyl factor. The complex geometry of the noncommutative two torus, on the other hand, provides a Dirac operator which, in analogy with the classical case, originates from the Dolbeault complex. By perturbing this spectral triple, one can construct a (modular) spectral triple that can be used to study the geometry of the conformally perturbed flat metric on the noncommutative two torus. Then, using the pseudodifferrential operator theory for C * -dynamical systems developed in [3] , the computation is performed and explicit formulas are obtained. The spectral geometry and study of scalar curvature of noncommutative tori has been pursued further in [11, 12, 13, 17, 21, 14, 24] .
Ricci functional on Riemannian manifolds
In this section, a spectral definition for the Ricci curvature is provided in the classical case. Let (M, g) be an oriented, closed Riemannian manifold of dimension m. We will follow the convention used in [20] for the curvature tensor, however we will fix our own notation. Let ▽ be the Levi-Civita connection of the metric g. The Riemannian operator, Riem, and the curvature tensor, Riem, are define by
With respect to the coordinate frame ∂ µ = ∂ ∂x µ , the components of the curvature tensor are denoted by
The components of the Ricci tensor Ric and scalar curvature R are given by
Ricci curvature as a spectral functional of the de Rham complex
Let P : 
Each coefficient a n (P ) can be realized as the integral of the trace of a locally computable End(V )-valued density a n (x, P ); a n (P ) = tr(a n (x, P ))dx.
Here dx = det g µν dx 1 · · · dx n is the Riemannian volume form and tr denotes the matrix trace on the fibres of End(V ). The endomorphism a n (x, P ) can be uniquely determined by localizing the heat trace by an auxiliary smooth endomorphism F of V , called a smearing endomorphism. The localized heat trace Tr(F e −tP ) has an asymptotic expansion as t → 0 + of the form [20, Chapter 3]
with a n (F, P ) = M tr F (x)a n (x, P ) dx.
If P is a Laplace type operator i.e., its leading symbol is given by the metric tensor, then the densities a n (x, P ) can be expressed in terms of the Riemannian curvature, an endomorphism E, and their derivatives. The endomorphism E measures how far the operator P is from being the Laplacian ▽ * ▽ of a connection ▽ on V ; 
Here I denotes the identity bundle map on V . For the Laplacian on functions △ 0 , the connection is the de Rham exterior derivative d :
, and obviously E = 0. Hence the two first terms in the heat kernel of △ 0 are given by
In the case of the Laplacian on one forms
, also called the Hodge-de Rham Laplacian, the connection in (4) is the Levi-Civita connection on the cotangent bundle. The endomorphism E is the negative of the Ricci operator, E = −Ric, on the cotangent bundle,which is defined by raising the first index of the Ricci tensor (denoted by Ric as well);
Therefore, one has
Furthermore, the function tr(F ) is smooth for every F ∈ C ∞ (End(T * M )), and can be used as a smearing function to localize the heat trace of △ 0 . Then (8) and (10) lead to the identity
for every F ∈ C ∞ (End(T * M )), which motivates the following definition. Proof. By (5) and (3), we have tr(F )a 0 (x, △ 0 ) = tr(F (x)a 0 (x, △ 1 )). This implies that
The asymptotic expansion of the localized heat kernel (2) then shows that the first terms will cancel each other. The difference of the second terms, which are multiples of t 1− m 2 , will become the first term in the asymptotic expansion of the differences of localized heat kernels.
Spectral zeta function and the Ricci functional
The other spectral function assigned to a positive elliptic operator P is the spectral zeta function defined by
where Q is the projection on the kernel of P , which is finite dimensional. The localized version of the spectral zeta function is ζ(s, F, P ) = Tr(F P −s (I − Q)). The spectral zeta function has a meromorphic extension to the complex plane C with isolated simple poles [20, Lemma 1.3.7] . The residue at the poles, and also the values of the function at some of the negative real numbers, are related to the coefficients of heat kernel (cf. [19 
(13) Moreover, if M is two dimensional manifold of genus g, then we have
where Q j is the projection on the kernel of Laplacian △ j , j = 0, 1.
Proof. The relation between the values and residues of the localized zeta function of a second order positive elliptic operator P and its localized heat trace coefficients (3) is given by (cf. [20, Lemma 1.
where
. Since the gamma function is regular at s = m/2 − 1, the right hand side is equal to
Combining them, we obtain (13) . In dimension two, on the other hand, we have
The zeta function of △ j , j = 0, 1, is regular at zero hence the right hand side is equal to
Putting it all together, (14) is proven.
Remark 2.1. By combining (15) and (12), it can be shown that the difference of zeta functions ζ(s, tr(F ), △ 0 ) − ζ(s, F, △ 1 ) is regular at m/2, and its first pole is located at s = m/2 − 1.
Ricci functional and the de Rham spectral triple
At first glance, it seems that the ingredients used to define the Ricci functional do not come from a spectral triple. In other words, △ 0 and △ 1 are not the Laplacian of a Dirac type operator. Nevertheless, they are part of the Laplacian of the de Rham complex, which as an elliptic complex gives rise to a Dirac type operator on forms. By restricting ourselves to smooth endomorphisms of the cotangent bundle, and producing the right smearing endomorphism, we obtain the formalism given in Definition 2.1. In this section, we will investigate how the Ricci functional can be defined using the de Rham complex spectral triple.
Let M be a closed orientable Riemannian manifold. Consider the de Rham spectral triple,
which is the even spectral triple constructed from the de Rham complex. Here, d and δ denote the exterior derivative and coderivative on the exterior algebra, and γ is the Z 2 -grading on the forms whose eigenspace for eigenvalues 1 and -1 are even and odd forms, respectively. The full Laplacian on forms △ = dδ + δd is the Laplacian of the Dirac operator d + δ, and is the direct sum of Laplacians on p-forms, △ = ⊕△ p . As a Laplace type operator, △ can be written as ▽ * ▽ −E by Weitzenböck formula, where ▽ is the Levi-Civita connection extended to all forms and
Here c denotes the Clifford multiplication and Ω is the curvature operator of the LeviCivita connection acting on exterior algebra (cf. [19, Lemma 3.2.1]). The restriction of E to one forms gives the Ricci operator.
To work with the Laplacian on one forms, we will use smooth endomorphisms F of the cotangent bundle. The smearing endomorphismF = tr(F )I 0 ⊕F ∈ C ∞ (End( • M )), where I 0 denotes the identity map on functions, can be used to localize the heat kernel of the full Laplacian and
With the above notation, we can also rewrite the formulae (13), (14) as
3 Ricci functional for the noncommutative two tori
We start this section by briefly reviewing several classical facts regarding the noncommutative two torus. Then we construct the modular de Rham spectral triple for the noncommutative two torus for the conformally flat metrics. The Laplacian of this spectral triple will be used to define the Ricci functional for the noncommutative two torus, and then the Ricci density will explicitly be computed.
The noncommutative two torus A θ
Let θ be a real number. The noncommutative two torus A θ is the universal C * -algebra generated by two unitary elements U and V , U * = U −1 and V * = V −1 , which satisfy the commutation relation V U = e 2πiθ U V.
The C * -algebra A θ is naturally acted upon by R 2 , the action being given by the twoparameter group {α s } s∈R 2 of *-automorphisms
The set of all elements a ∈ A θ for which the map R 2 ∋ s → α s (a) is smooth is an involutive subalgebra of A θ , which will henceforth be denoted as A ∞ θ . The algebra A ∞ θ admits the alternative description
The infinitesimal generators of the action α on A θ in the direction of e 1 = (1, 0) and e 2 = (0, 1) respectively are the derivations δ 1 and δ 2 given by
We note that δ j (a)
If θ is an irrational number, then it is well known that A θ is simple and has a unique tracial state ϕ, which acts on
The trace ϕ is α-invariant. Consequently ϕ • δ j = 0 and ϕ(aδ j (b)) = −ϕ(δ j (a)b), for all a, b ∈ A ∞ θ and j = 1, 2. The Hilbert space obtained by completing A θ with respect to the norm associated to the following inner product, is denoted by H 0 ;
For θ = 0, A θ is the algebra C(T 2 ) of continuous functions on the torus T 2 and δ 1 and δ 2 turn to 
The de Rham spectral triple for the noncommutative two torus
In this section, we describe the de Rham spectral triple of the noncommutative two torus A θ . For this purpose, consider the vector space W = R 2 , and let τ be a complex number in the upper half plane, i.e. ℑ(τ ) > 0. Let g τ be the positive definite symmetric bilinear form on W given by
The inverse g
will then play the role of the algebra of differential forms of the noncommutative two torus A θ . In this framework, the Hilbert space of functions, denoted H (0) , is simply the Hilbert space given by the GNS construction of A ∞ θ with respect to 1 ℑ(τ ) ϕ. Additionally, the Hilbert space of one forms, denoted H (1) , is the space
τ ) with inner product given by
while the Hilbert space of two forms, denoted H (2) , is given by the GNS construction of A ∞ θ with respect to ℑ(τ ) ϕ.
The exterior derivative on elements of A ∞ θ is given by
It will be denoted by d 0 , when considered as a densely defined operator from
The adjoints of the operators d 0 :
for all a, b ∈ A ∞ θ . Definition 3.1. The (flat) de Rham spectral triple of A θ is the even spectral triple
Note that the operator d and its adjoint d
Note also that the de Rham spectral triple introduced in Definition 3.1, is isospectral to the de Rham complex spectral triple of the flat torus T 2 with the metric given by (19).
The modular de Rham spectral triple
In this section, we introduce the modular de Rham spectral triple for the noncommutative two torus A θ , which resembles the de Rham complex on the torus when its flat metric is conformally perturbed. We shall show that the modular de Rham spectral triple is the transposed spectral triple, in the sense of [9] , of a modular spectral triple obtained by perturbing certain spectral triple by a Weyl factor k = e h/2 . The impact of a conformal change of the Riemannian metric on the de Rham complex is prescribed by the change of pointwise inner products on forms and by the change of the Riemannian volume form.
As a result, the inner products on functions and on two forms will change as follows:
Note that in the two-dimension case, the inner product on one forms remains unchanged. The above classical fact enables us to study the conformal change of metric for the noncommutative two torus, by perturbing the tracial state ϕ by a noncommutative Weyl factor. This strategy was considered in [2, 10] with the purpose of analyzing the conformal perturbation of metric for the Dolbeault complex on the noncommutative two torus. In this paper, we will employ the same strategy to find the de Rham complex and hence de Rham spectral triple for the noncommutative two torus when the metric is perturbed conformally.
The conformal perturbation of the metric on the noncommutative two torus is implemented by changing the tracial state ϕ by a noncommutative Weyl factor e −h , where the dilaton h is a selfadjoint smooth element of the noncommutative two torus,
The conformal change of the metric by the Weyl factor e −h will change the inner product on functions and on two forms as follows. On functions, the Hilbert space given by GNS construction of A θ with respect to the positive linear functional ϕ 0 (a) = 1 ℑ(τ ) ϕ(ae −h ) will be denoted by H
h . Therefore the inner product of H
h is given by
On one forms, the Hilbert space will stay the same as in (20) , and will be denote by H
h . On the other hand, the Hilbert space of two forms, denoted by H
h , is the Hilbert space given by the GNS construction of A θ with respect to ϕ 2 (a) = ℑ(τ )ϕ(ae h ). Hence its inner product is given by
The positive functional a → ϕ(ae −h ), called the conformal weight, is a twisted trace of which modular operator is given by
The logarithm log ∆ of the modular operator will be denoted by ∇, and is given by ∇(a) = −[h, a] (for more details, see [2, 10] ). The exterior derivatives are defined in the same way they were defined in the flat case (21) and (22) 
where R k 2 denotes the right multiplication by k 2 .
Proof. It is enough to show that the adjoint of δ j : H n → H n ′ , j = 1, 2, is equal to
If for any n ∈ Z, the Hilbert space given by the GNS constructions of A θ with respect to the positive functional a → ϕ(ae nh ) is denoted by H n . For this purpose, let a,
which concludes the proof.
Next, we consider the Hilbert spaces
h and
h , and the
and its adjoint is given by
We also consider the operator
The operator D h can be transferred to an operatorD h on H by the inner perturbatioñ
In order to define the modular de Rham spectral triple for the noncommutative two torus, we employ the following constructions from [9] 
On the other hand, any modular spectral triple (A, H, D) with an automorphism σ admits a transposed modular spectral triple 
where the operators d and d * are as in (23) .
Proof. First of all, we note thatD
where D is the Dirac operator of the (flat) de Rham spectral triple (Definition 3.1) and
) is a modular spectral triple with automorphism σ(a) = kak −1 . We remark that the adjoint map a → a * defines an anti-unitary operator J : H → H, or equivalently a unitary map from H to its complex conjugate H c . We transform the spectral triple (24) using J. The action of Ad J on A θ will transform an element a ∈ A θ into JaJ −1 = R a * , and
H , for every T ∈ B(H). Then for any element a ∈ A ∞ θ , acting as an operator on H, we have,
On the other hand, 
Laplacian of the modular de Rham spectral triple
The geometric information of the modular de Rham spectral triple can be extracted from the spectrum of its LaplacianD 2 h . A straightforward computation shows that the Laplacian is the direct sum of three components, denoted by △ h,0 , △ h,1 and △ h,2 , which are the analogues of the Laplacian on functions, on one forms, and on two forms respectively, i.e.,D
If we denote the flat Laplacian on functions by
Moreover, the operator △ h,1 :
The LaplacianD 
where △ ϕ is equal to our △ h,0 and
Furthermore, one can readily see that △ h,1 is a first order perturbation of
Ricci functional and Ricci density for the modular de Rham spectral triple
Using the pseudodifferential calculus with A ∞ θ ⊗ M 4 (C)-valued symbols (see Section 4), one can show that the localized heat trace ofD 2 h has an asymptotic expansion of the form (2), and its coefficients are of the following form (see the §4.2);
and tr denotes the matrix trace. Inspired by (17), now we can define the Ricci functional for the noncommutative two torus. 
Here Q j denotes the orthogonal projection on the kernel of △ h,j , for j = 0, 1.
Lemma 3.2. There exists an element
Ric ∈ A ∞ θ ⊗ M 2 (C) such that Ric(F ) = 1 ℑ(τ ) ϕ(tr(F Ric)e −h ), F ∈ A ∞ θ ⊗ M 2 (C).
Proof. Because of the form of the LaplacianD
On the other hand, tr(F )e −t△ h,0 = tr(F e −t△ h,0 ⊗I2 ) for any t > 0, and thus
As a result, we have
Hence, 
Here,
with ℓ = log k. Moreover,
Now we can state the main result of this paper, which gives the Ricci density of the modular de Rham spectral triple. The computations can be found in the next section.
θ is the dilaton. Then the Ricci density of the modular de Rham spectral triple with dilaton h is given by 
and because [δ 1 (log k), δ 2 (log k)] = 0, we have
Considering the normalization of the classical case that comes from the heat kernel coefficients (see for example (11)), this gives the formula for the Ricci operator in the classical case. Remark 3.2. For two dimensional manifolds, the Ricci tensor of the conformally perturbed metricg = e −h g is given bỹ
where △ is the Laplacian on functions. In particular, if g is a flat metric then the Ricci tensor is equal to 1 2 △(h)g. Hence the Ricci operator is a multiple of the identity map of which coefficient is the half of the scalar curvature R = e h △h. Unlike the commutative case, the Ricci density Ric of the noncommutative two torus is not a multiple of the identity matrix any more. It is not even a symmetric matrix (with entries in A ∞ θ ). Indeed, it has nonzero off diagonal terms, which are multiples of S(∇ 1 , ∇ 2 )([δ 1 (log k), δ 2 (log k)]). This phenomenon, observed here for the first time, is obviously a consequence of the noncommutative nature of the space under investigation.
Computation of the Ricci density for the noncommutative two torus
Our main purpose in this section is to compute the Ricci density of the modular de Rham spectral triple. To perform this task, we employ the strategy developed in [2, 10] , which has also been used in [16, 9] .
Pseudodifferential calculus on A θ
In this section, we briefly review the notion of pseudodifferential calculus defined for a C * -dynamical system (A, R m , α) by Connes in [3] . Recently, a twisted version of this theory was introduced in [23] .
Let (A, R 2 , α) be a C * -dynamical system. Let A ∞ denote the algebra of smooth elements of A, i.e. these elements a ∈ A for which the A-values function R 2 ∋ s → α s (a) is smooth. We denote by V : R 2 → M (A ⋊ R 2 ) the canonical unitary representation of R 2 on the multiplier algebra of the crossed product algebra. For a given non-negative integer multi index α = (α 1 , α 2 ), we use the following notation:
where δ j is the infinitesimal generator of the α in the direction of e j . A smooth map ρ :
(i) For every non-negative integers i 1 , i 2 , j 1 , j 2 , there exists a constant C such that
(ii) There exists a smooth map k :
The space of symbols of order d is denoted by
Here
where d L ξ is the Lebesgue measure on R 2 , andρ denotes the inverse Fourier transform of ρ. In [3, Proposition 8] , it was shown that the product of two pseudodifferential multipliers P ρ1 and P ρ2 , with ρ j ∈ S dj (A ∞ ), j = 1, 2, is also a pseudodifferential multiplier with symbol ρ ∈ S d1+d2 (A ∞ ). The product symbol ρ is given asymptotically as follows:
For a covariant representation (U, π) of the C * -dynamical system (A, R 2 , α) on a Hilbert space H, the pseudodifferential multiplier P ρ induces a densely-defined differential operator on H, denoted by the same letter P ρ , by simply replacing V ξ with U ξ in (31). In particular, if ω is an α-invariant state of A, then the left regular representation of A on the GNS Hilbert space H ω gives rise to a covariant representation of (A, R 2 , α). Then the pseudodifferential operator P ρ on H ω is defined on the elements of A ∞ as
The product of symbols of pseudodifferential operators with A ∞ -valued symbols on H is also given by (32).
In this work, we shall use the symbol calculus of the pseudodifferential operators of the
where α is the action (18).
Heat kernel coefficients via pseudodifferential calculus
The asymptotic expansion of the trace of the heat kernel can be computed using the symbol calculus. In the classical case, this technique was effectively used in the heat kernel proof of the index theorem (cf. [19, Section 1.8] ). In the noncommutative case, it was used for local computations of spectral invariants for the noncommutative two torus in [2, 10, 9, 15] . For the sake of completeness, we outline the main steps of this technique, and then we use it to compute the Ricci density for the noncommutative two torus.
Let P be a positive differential operator of order two with the symbol σ(P ), written as
, where each term a j is homogeneous of order j. Moreover we assume that P is elliptic, that is a 2 (ξ) is invertible for all non-zero ξ ∈ R 2 . For every λ ∈ C\ R ≥0 , the parametrix (P − λ) −1 of P is a pseudodifferential operator of order −2 and its symbol can be expressed as
where b n (ξ, λ) is (−n − 2, 1)-homogeneous in (ξ, λ) (cf. [19] ). The symbol product (32) resulted from the equation (P − λ)(P − λ) −1 = I, up to a pseudodifferential operator of order −∞, provides a recursive formula that allows us to find b n (ξ, λ) [2, 10] . For instance,
The operator e −tP is a pseudodifferential operator of order −∞. It can also be defined using the Cauchy formula in terms of the parametrix,
where γ is a clockwise-oriented contour around the non-negative part of real axis. The above formula provides us with the asymptotic expansion formula of the symbol as t → 0 + :
is a differential operator of order zero. By fixing such a F , one can readily see that
On the other hand, F e −tP is a trace class operator and its trace is given by Tr F e −tP = R 2 ϕ F σ(e −tP ) dξ. Therefore, the asymptotic expansion of the localized heat trace Tr(F e −tP ) is given by
The coefficient of the t −1+n/2 , denoted by a n (F, P ), is given by a n (F, P ) = ϕ tr(F c n (P )) , where c n (
For n = 2, it can be shown by using a homogeneity argument (cf. [9, Section 6] ) that
In the next section, we will use these computations when the operator P is one of the Laplacians △ h,j or △ (0,1) ϕ .
Computation of the Ricci density
The operators △ h,0 and △ h,1 are pseudodifferential operators associated with the dynamical systems (A θ , R 2 , α) and (A θ ⊗ M 2 (C), R 2 , α ⊗ Id) respectively, represented on the covariant representation spaces H 0 and H 0 ⊕ H 0 . In this section, we will perform the computation (36) for the Laplacians △ h,1 , and then borrowing a computation done in [16, 9] , we will find the Ricci density as it is given in Theorem 3.1. First of all, we describe the relation between the term b 2 (ξ, λ) for △ h,1 and the corresponding term for △ (0,1) ϕ . Let us start with the symbol of △ h,1 , which can easily be computed using (26), as follows.
Lemma 4.1. The symbol σ(△ h,1 ) of the operator △ h,1 is the sum of homogeneous terms a j (ξ), j = 0, 1, 2, given by
.
On the other hand, if σ(
, where a ′ j is the homogeneous term of order j, then we infer from (27) that
Here a
and using [9, Lemma 6.1], a
Let us denote the terms of the symbol of the parametrix (△ h,1 − λ) −1 by b n (ξ, λ), as in (33), i.e.
Similarly, we denote the terms of the symbol of the parametrix of In the following lines, we will show that each term b n (ξ, λ), n = 0, 1, 2, is the sum of b ′ n (ξ, λ) ⊗ I 2 and another term, which will be computed explicitly. For the first term, we have
Note that we have used the identity a
Finally, the second term b 2 is given by
By taking
and using the identity σ 2 = 2iℑ(τ )σ, we then have
Lemma 4.2. The Ricci density for the modular de Rham spectral triple with dilaton h is given by
Proof. We have already seen in (28) that the Ricci density can be described as
By (35), we then have
The last identity was deduced from the same homogeneity argument used to prove (36). On the other hand, the term
dξ was computed in [9, 16] , where it was shown to be equal to 1 4π 2 R γ . Therefore we have
This completes the proof of the lemma.
In the rest of this section, we will carry out the computation needed to obtain a formula for R 2 b ′′ 2 (ξ, −1)dξ. For this purpose, by replacing all the terms in (37), one can obtain a formula for b ′′ 2 (ξ, λ) in terms of b 0 as follows: In the above formula τ 1 = ℜ(τ ) and τ 2 = ℑ(τ ). We then change the variables (ξ 1 , ξ 2 ) to the new variables (r, θ) via the transformation ξ 1 = r cos(θ) − rℜ(τ ) ℑ(τ ) sin(θ), ξ 2 = r ℑ(τ ) sin(θ).
This change of variable will change the volume form as follows:
The integral b 
We first write these expressions in terms of h/2 = log k. To do so, we will use the following identities from [9] : δ j (k) = kf (∆)(δ j (log(k))), f (u) = 2(−1 + √ u) log(u) ,
and also ∆(ka) = k∆(a) and ak n = k n ∆ n 2 (a). Then we have, where g(u) = 2(u−1) log(u) . We will also use the notation g j (u) = u j g(u). There are only two different types of terms to be integrated with respect to the radial variable r. To perform the integration, we will use the rearrangement lemma [9, Lemma 6.2], which gives us
Similarly, , which is equal to the function S given in (30). Hence To compute the Ricci operator one could directly compute the second term a 2 in the asymptotic expansion of the heat kernel of the de Rham Laplacian using pseudodifferential calculus. This would involve substantial amount of computer aided symbolic calculations. Instead we have observed that our Laplcian is a first order perturbation of the Laplacian in [9, 16] (cf. formula (27)). With this observation, our calculations were reduced to those carried in this section.
